We propose and demonstrate an approach to measuring the biphoton temporal wave function with polarization-dependent and time-resolved two-photon interference. Through six sets of two-photon interference measurements projected onto different polarization subspaces, we can reconstruct the amplitude and phase functions of the biphoton temporal waveform. For the first time, we apply this technique to experimentally determine the temporal quantum states of the narrow-band biphotons generated from the spontaneous four-wave mixing in cold atoms. DOI: 10.1103/PhysRevLett.114.010401 PACS numbers: 03.65.Wj, 03.67.Mn, 42.50.Dv Photons are described by their discrete polarization states and field amplitude distribution in continuous time-space domains. The state density matrix in a discrete Hilbert space can be reconstructed using the well-developed quantum-state tomography [1] [2] [3] [4] . To describe the temporal modes of photons, one needs a continuous-variable quantum-state tomography characterizing both the amplitude and the phase functions. Homodyne detection has been proven an efficient probe to characterize photonic (unentangled) Fock and coherent states [5] [6] [7] [8] [9] [10] . However, most homodyne measurements of bipartite states have only aimed at verifying the entanglement [11] [12] [13] [14] [15] . A complete optical homodyne tomography for the time-frequency entangled two-photon (amplitude and phase) temporal waveform still remains a technical challenge [8] .
Photons are described by their discrete polarization states and field amplitude distribution in continuous time-space domains. The state density matrix in a discrete Hilbert space can be reconstructed using the well-developed quantum-state tomography [1] [2] [3] [4] . To describe the temporal modes of photons, one needs a continuous-variable quantum-state tomography characterizing both the amplitude and the phase functions. Homodyne detection has been proven an efficient probe to characterize photonic (unentangled) Fock and coherent states [5] [6] [7] [8] [9] [10] . However, most homodyne measurements of bipartite states have only aimed at verifying the entanglement [11] [12] [13] [14] [15] . A complete optical homodyne tomography for the time-frequency entangled two-photon (amplitude and phase) temporal waveform still remains a technical challenge [8] .
There is an increasing interest in fully characterizing narrow-band biphotons because of their applications in realizing efficient light-matter quantum interfaces [16] [17] [18] [19] . Using spontaneous four-wave mixing (SFWM) in cold atoms [20] , the sub-MHz biphoton generation with a coherence time on the order of microseconds has been demonstrated [21] [22] [23] . Such a long coherence time of single photons allows manipulating their temporal waveforms [24] [25] [26] and their interaction with atoms in the time domain [27] [28] [29] . Owning to the nanosecond time resolution of commercially available single-photon counting modules (SPCM), the biphoton amplitude temporal profile can be directly measured from the coincidence counts. However, the coincidence counting does not distinguish between a time-frequency entangled state and a temporal-probability mixed state because it does not measure the phase distribution. Although additional evidences, such as the violation of the Cauchy-Schwarz inequality [30] and the antibunching of heralded single photons [31] can indicate the nonclassical properties, they do not provide a complete state information. It is believed that the time-frequency entanglement of biphotons generated from a continuouswave SFWM is naturally endowed by the energy conservation [32] , but this claim has not been confirmed experimentally.
In this Letter, we propose and implement a technique to measure the temporal wave function of SFWM narrowband biphotons. Using six sets of symmetrized timeresolved two-photon interference measurements in different polarization bases, we reconstruct the biphoton temporal amplitude and phase functions.
The experimental setup for the narrow-band biphoton generation and the waveform measurement is shown in Fig. 1 . We work with right-angle SFWM in laser-cooled 85 Rb atoms loaded in a magneto-optical trap [33] . The energy difference of the two hyperfine ground states j1i ¼ j5S 1=2 ; F ¼ 2i and j2i ¼ j5S 1=2 ; F ¼ 3i is ℏΔ 21 , with Δ 21 ¼ 2π × 3036 MHz. The other two atomic energy levels are j3i ¼ j5P 3=2 ; F ¼ 3i and j4i ¼ j5P 3=2 ; F ¼ 2i. The pump laser (ω p ) is far detuned from the transition j1i → j3i by Δ p , and the coupling laser (ω c ) is near resonance on the transition j2i↔j3i (with an adjustable detuning Δ c ). The Stokes (ω s ) and anti-Stokes (ω as ) photons are spontaneously generated from the transitions j3i → j2i and j3i → j1i, respectively. The atomic optical depth is about 3 on the anti-Stokes transition. With linearly polarized, counterpropagating pump and coupling laser beams, the phase-matched backward paired Stokes and anti-Stokes photons are collected at a right angle with respect to the pump-coupling direction. The single-spatial-mode biphoton temporal (complex) wave function at the source output is . That is, the anti-Stokes photon is always generated after its paired Stokes photon. The amplitude function can be determined from the two-photon coincidence measurement. In particular, the amplitude function is directly related to the Glauber correlation function
The phase function ϕðt as − t s Þ, as shown in this Letter, can be determined by the polarization-dependent two-photon interference.
With the right-angle SFWM geometry shown in Fig. 1 , the photon pairs are spontaneously generated into two symmetric paths (1 and 2): the Stokes photons go to port 1 and the anti-Stokes photons to port 2, and vice versa. Therefore, there are Stokes and anti-Stokes photons in each output port. After passing through the horizontal linear polarizers, the photons are coupled into two polarization maintaining (PM) single-mode fibers (SMF). The outputs from the fibers are set to be horizontally (P 1 ↔) and vertically (P 2 ↕, after a half-wave plate) polarized. The relative (optical) time delay T between the two paths can be varied by setting the length difference of the PM SMFs. The photons are then combined together at a 50∶50 beam splitter (BS), whose output ports 3 and 4 pass the polarizers (P 3 and P 4 ) and are detected by two SPCMs (D 3 and D 4 ). The coincidence counts between D 3 and D 4 are recorded with a time-bin width of 1 ns. The linear polarizer P 3 consists of a half-wave plate and a polarizing beam splitter (PBS). The polarizer P 4 consists of a quarter-wave plate, a half-wave plate, and a PBS.
The two-frequency-mode field operators at the source outputs can be written asâ 1↔ ¼â 1s↔ þâ 1as↔ andâ 2↕ 1 a 2s↕ þâ 2as↕ . The BS has the transformationâ 3 
. The projection of the polarizers can be characterized asâ Pm ¼â m↔ cos α m þ a m↕ sin α m e iθ m (m ¼ 3, 4). The two-photon relative wave function at the two detectors can be derived as [34] :
Here we define τ ¼ t 4 − t 3 and δ ω ¼ ω as0 − ω s0 . The additional phases δ ω T and δ ω ðτ − TÞ result from the central frequency difference δ ω between the paired photons and the relative time delay T. We can determine the Glauber correlation function as G ð2Þ P3P4 ðT;τÞ¼jψ 34 ðT;τÞj 2 . Using the two-photon detection efficiency η, the time-bin width Δt, and the total measurement time Δt m , we can write the two-photon coincidence counts as C P3P4 ðT; τÞ ¼ G ð2Þ P3P4 ðT; τÞηΔtΔt m . From Eq. (3), coincidence measurements carry a combination of phase and amplitude information. Depending on the polarisers' settings, one can choose which information the measurement reveals. To retrieve the phase function ϕðτÞ, we measure six sets of coincidence counts under the conditions as shown in Table I and get [34] cos½ΛðT; τÞ ¼ ½BðT; τÞ þ 1 
Similarly, one can get ϕðτ < −TÞ. The temporal resolution is 2T.
There is a problem for directly applying Eq. (6) with a short T to some special cases. For example, if the waveform has some nodes where the amplitude is zero, the phase at the amplitude nodes can take any value and thus is totally uncertain. In this case, the phase between the amplitude islands (the regions between amplitude nodes) is disconnected and their phase difference cannot be resolved when T is too short. By taking a long T we can bridge these amplitude islands and determine their phase difference but sacrifice the time resolution. To solve this problem, we propose a two-step recursion algorithm. First, we use a short T s to obtain a high resolution tomography inside each amplitude island. Next, we use a longer T l to measure the phase difference between the two islands without touching the nodes. The two-step algorithm allows us to obtain a full phase tomography with a resolution of 2T s . In this Letter, we set T s ¼ 1.0 ns and T l ¼ 5.8 ns.
We first perform a waveform measurement for degenerate biphotons (δ ω ¼ 0) by setting the parameters Δ p ¼ Δ 21 − 2π × 3 MHz and Δ c ¼ −2π × 10 MHz. The pump and coupling lasers Rabi frequencies are Ω p ¼ 2π × 164.3 MHz and Ω c ¼ 2π × 39.2 MHz, respectively. The additional pump frequency detuning Δ p − Δ 21 ¼ −2π × 3 MHz is for compensating the frequency shift caused by the ac Stark effect Ω 2 p =ð4Δ p Þ ¼ 2π × 2.2 MHz and the residual magnetic-field-induced Zeeman shift of the ground level j1i. With these parameters, theory predicts that the biphoton waveform displays a damped Rabi oscillation with π-phase flip across the amplitude nodes [32] . The two-photon coincidence counts C 12 ðτÞ ∝ A 2 ðτÞ þ A 2 ð−τÞ are shown in Fig. 2(a) , where the plot at τ > 0 is the Stokes to anti-Stokes correlation [A 2 ðτÞ] and that at τ < 0 is the anti-Stokes to Stokes correlation ½A 2 ð−τÞ. The measured combined phase-difference function excluding the residual phase constant (for T l ¼ 5.8 ns)
is shown in Fig. 2(b) . Together with the data for T s ¼ 1.0 ns, we reconstruct the phase function ϕðτÞ shown in Fig. 2(c) , which clearly shows π-phase jumps across the amplitude nodes at τ ¼ AE25 and AE50 ns. From the phase jumps we determine the Rabi oscillation period of 25 ns, which corresponds to an oscillation angular frequency of 2π × 40 MHz. It agrees with the theoretical effective coupling Rabi frequency ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MHz. We obtain the solid curves following the theory in the interaction picture [32] that accounts for the effect of the atomic energy level j4i on the SFWM process. The experimental result agrees with the theoretical prediction within the temporal correlation time of about 50 ns. The phase data points near τ ¼ 50 ns have large deviations because the amplitude is damped to near zero and the phase becomes largely uncertain. We do not plot the reconstructed phase points and the theoretical phase curve at jτj > 50 ns where the amplitude approaches zero.
We next demonstrate that our method can be used to measure the complex waveform of nondegenerate biphotons (δ ω ¼ 2π × 43 MHz) by setting the parameters
3 MHz, and Ω c ¼ 2π × 42.6 MHz. The measured Ξ is shown in Fig. 3(b) , where the phase-difference jump (2δT l ) across τ ¼ 0 is caused by the product of the frequency difference δ ω and the time delay T l as predicted from Eq. (6). The reconstructed phase function and the theoretical plot are shown in Fig. 3(c) and agree well with each other.
Last, we show that our technique can also be used to measure the biphoton waveform without amplitude nodes. We reduce the coupling laser detuning to zero (Δ c ¼ 0) and lower the coupling laser power (Ω c ¼ 2π × 19.6 MHz) PRL 114, 010401 (2015) P
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week ending 9 JANUARY 2015 to prolong the biphoton correlation time. As shown in Fig. 4(a) , the second oscillation period is completely damped out. The measured combined phase-difference function is shown in Fig. 4(b) , whose step change (2δ ω T l ) near τ ¼ 0 can be used to resolve the frequency difference δ ω between the paired photons. The reconstructed phase function is shown in Fig. 4 (c) and agrees well with the theory.
Furthermore, we measure the nonclassical properties of the photon source by verifying its violation of the Cauchy-Schwarz inequality [30] . Given as;as ð0Þ ≤ 1. The violation of the Cauchy-Schwarz inequality in a quantum light source is associated with the nonexistence of a positive Glauber-Sudarshan P function [35] . The biphoton source can be used to produce heralded single photons. We confirm this by measuring the antibunching effect in the autocorrelation function g ð2Þ c of the heralded photons [31] . A classical source always displays the bunching effect g Table II . In all cases, the Cauchy-Schwarz inequality is violated, and g ð2Þ c is well below the twophoton threshold of 0.5.
In summary, we present a technique to measure the temporal wave function of narrow-band biphotons generated from SFWM in cold atoms. In all three degenerate and nondegenerate cases, our experimental results agree with the theoretical predictions. For the first time, we experimentally resolve the π-phase jumps in the Rabi oscillations. The degeneracy of the photon frequencies does not need to be preassumed and the frequency difference can be determined from the measured ΞðT; τÞ. We find that the major systematic errors are caused by the imperfection from the BS and polarizers. We attribute the disagreement between the experimental data and the theoretical curves, especially at those amplitude nodes, to the presence of multiple Zeeman substates which are not taken into account by the simple SFWM theoretical model [32] . From the determined amplitude and phase functions, we obtain that the full widths at half maximum of the biphoton power spectra for Figs. 2, 3, and 4 (2) . Because the two-photon complex waveform cannot be expressed as a product state in the time domain, we verify the time (frequency) entanglement of the biphoton source. Although in the above demonstration we take advantage of the right-angle geometry, our technique can be extended to more general cases. The key is to have the Stokes and anti-Stokes photons sharing the same spatial modes. For example, in the case where the Stokes and anti-Stokes photons are generated with a small angle to the pumpcoupling direction [21] [22] [23] , we can follow the modified configuration shown in the Supplemental Material [34] , where the phase-matched photon pairs are produced into two symmetric paths and counteroverlapped by two mirrors. This method can also be applied to narrow-band biphotons generated from cavity-enhanced spontaneous parametric down-conversion [17] . Note added.-We became aware that during the review process a work of measuring the biphoton temporal wave function using a homodyne method was published [37] . Our method of polarization-dependent and time-resolved two-photon interference is different and does not require any external reference.
